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a? = 0, - yzlal - yd) , do = a; - yzlal - yal. 


Z 


Correspondingly, the operators I;, from (7.16) in the P, variables are: 


I, = 0; - yZ0, - yo, , I; = 0y , 1; = 0; - y20, — yoy 


where we have omitted the supscript 1. i" 
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This is the form - (7.15) that we generalize for the q-deformed case. In fact, we can write 
at once the general form, which follows from the expressions for the singular vectors 
corresponding to those nonsimple nonhighest roots given by (2.37) with u = 1, m = 1, 
nij, zl. di, =1: 


d «(In + 278 - [n+ 3,277 ) ; (17a) 
ga = «(In + 22H - [n+ 3,7 ) (717b) 


Itis our task (using the previous sections) to make this form explicit by first generaliz- 
ing the variables and then the functions and the operators. 


7.2 Quantum Minkowski Space-Time 


7.2.1 q-Minkowski Space-Time 


The variables x,, v, v, z, z have definite group-theoretical meaning, namely, they are 
six local coordinates on the coset % = SL(4)/B, where B is the Borel subgroup 
of SL(4) consisting of all upper diagonal matrices. (Equally well one may take the 
coset SL(4)/B', where B. is the Borel subgroup of lower diagonal matrices.) Under 
the natural conjugation (cf. also below), this is also a coset of the conformal group 
SU(2, 2). 

We know from Section 4.5 what are the properties of the noncommutative coordin- 
ates on the SL,(4) coset. We make the following identification (compare with (6.275)): 


X,=w=Yy, X. -u-Yy (718) 


for the q-Minkowski space-time coordinates and for the spin coordinates, which we 
denote as their classical counterparts. Thus, we obtain for the commutation rules of 
the q-Minkowski space-time coordinates (cf. (6.258)): 


X,X_-X_X, =Aw, Vv-w. (719) 
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It is easy to notice that these relations are as the GL,(2) commutation relations [462], if 
we identify our coordinates with the standard a, b, c, d generators of GL,(2) as follows: 


m= (22) -(% 0). (7.20) 
cd Vx. 


The q-Minkowski length is defined as the GL,(2) q-determinant: 


£, = det, M = ad - qbc = xx. - qw, (7.21) 


and hence it commutes with the g-Minkowski coordinates. It has the correct classical 
limit £, , = x? - X. 

We know from (5.183) that for q phase (|q| = 1) the commutation relations (7.19) are 
preserved by an antilinear anti-involution w acting as (cf. (5.183)): 


w(x,)=x,, ow(v)-v, (7.22) 
from which follows also that «(£;) = £;. 


Remark 7.2. Note that relations (719) are different from the commutation relations 
of q-Minkowski space-time (with q real) in [123, 455, 544], (cf. also [173, 174], and 
references therein). Later, Majid [456] has shown that the latter q-Minkowski space 
of [123, 455, 544] can be obtained by a quantum Wick rotation (twisting) from a 
q-Euclidean space. The latter is also related to GL,(2), as our q-Minkowski space; 
however, for q real and under a different anti-linear anti-involution: @;(a) = d, 
Õp(b) = -q !c; that is, for the matrix M (cf. (7.20)) this is the unitary * while with 
our conjugation (7.22) M is hermitian. Q 


The commutation rules of the spin variables Z,z between themselves, with the 
q-Minkowski coordinates and with the q-Minkowski length are (cf. (6.258)): 


ZZE Z 

-1 
X,Z =q ZX}, XZ-qzx -Av, 
vz-q zv, Vz-qzv-Ax,, 
Zx,-qx,Z, ZX_= q'xz +AV, 
Zv-qivzcAÀx,, ZW=qvz, 


Zl, = 642, Zl, = €Z. (7.23) 


Certainly, the commutation relations (7.23) are also preserved (for q phase) by the con- 
jugation w — supplementing (7.22) by w(z) = Z (all follow from (5.183)). Thus, with this 
conjugation 2 becomes a coset of S U,(2, 2). 
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From (6.260) we know the normally ordered basis of the q-coset % considered as 
an associative algebra: 


Piikemn = zx x*v"z, i,j,k, e,m,n€ Z,. (7.24) 


Let us denote by Z, Z^, and ff, the associative algebras with unity generated by 
Z, Z and x4, v, v, respectively. These three algebras are subalgebras of KAR and we notice 
the following structure of 2%: 


Wa peg xm. (7.25) 


where A « B denotes the tensor product of A and B with A acting on B. 


7.2.2 Multiparameter Quantum Minkowski Space-Time 


In this subsection following [221], we shall present the multiparameter version of our 
quantum Minkowski space-time. We start from the case n - 4 of the multiparameter 
deformation GL, q() of GL(n), which we discussed in Section 4.5. The flag manifold 
d a = GL, «(1)/B, (n) depends on the same number of parameters (n? — n + 2)/2. For 
n = 4 we pass from the variables Y; to the variables on the above coset in the manner 
of (718), keeping the same notation as in the one-parameter case of Section 6.5 and 
the previous subsection. Thus, we obtain the explicit multiparameter commutation 
relations (instead of (719) and (723), A = q - q’): 


923934 z di4 z 
x,v = x, VX, = ———x,V, (7.26) 
d4 ^ " Q12024 į 
poe 913 vx, E 113934. y , 
912923 di4 
w- 913934 vi, 
Q12024 

4 424 xx = dud» yy +A, 

923934 q4 qi, 
zz = dnd», (727) 

914923 
ZX 413434 XiZ4 ZX. E Z+Av 
VEA q'Q», 
z- 973934 vz, zs 21 vz +Ax,, 
d4 din 
2 
X,Z= di 2X45 X_Z= dB ^v Ay ; 
912924 912923 
2 

vz = 13 gy, pz = 295 M. 


912923 912924 
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Thus, in (726) we have the expected seven-parameter quantum Minkowski space- 
time. 

We note that when all deformation parameter are phases; that is, |q| = 1, |gij| = 1, 
and in addition hold the following relations: 


2 
9124. 9124 
nas Dd = 12054 


14 ; (7.28) 
934 923934 


then the commutation relations (7.26) and (7.27) are preserved by the antilinear anti- 
involution w acting as in the previous subsection. 

Further, we recall from Section 4.5.5 that the dual quantum algebra U,,4(gl(n)) 
has the quantum algebra U, q(sl(n)) as a commutation subalgebra but not as a co- 
subalgebra. In order to achieve the complete splitting of U, q(sl(n)) we have to impose 
some relations between the parameters; thus, the genuine multiparameter deforma- 
tion Ug q(si(n)) depends on (n? - 3n + 4)/2 parameters. Using the same conditions we 
also ensure that we can restrict from GL, q(n) to SL, q(). 

Thus, in the case of n = 4 for the genuine Ug q(sl(4)) we have four parameters. 
Explicitly, we achieve this by imposing that the parameters q; ;,, are expressed through 
the rest as: 


3 4 3 
q 


q 
= » (z= > 934 = . (7.29) 
913.914 * 913914924 a 914924 


912 


Thus, the four-parameter quantum Minkowski space-time and the embedding 
quantum flag manifold % q are given by (7.26) and (7.27) with (7.29) enforced. 

If we would like to enforce also the conjugation w, then there are more relations 
between the deformation parameters, namely, we get: 


2 


912 = 923 = 434 = : > (3742474, (7.30) 
Qu 


and all deformation parameter are phases. 
Thus, in this case we have a two-parameter deformation and using the above 
relations (7.26) and (7.27) simplify as follows: 


a ST. 

X,V =pvx,, VX, =p xv, (7.31) 
X_V= p VX_, VX_=pXx_v, 

yv -W, 

q 


$ XX. - P X X, +Aw, 


Zzezz. (7.32) 


ZX,-px,z, Zx - Pxze, 
q 
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= = = D. 
Zv-pvz, Zv = —VZtÀX,, 
q 
2 
-1 q 
X,Z=p 2X,, X Z--—zx. -Av, 
p 
2 
vz-pzv, vz = L z7 Ax,, 
p 


where p = P/a, 


7.3 q-Maxwell Equations Hierarchy 


We return to the one-parameter setting of Section 7.2.1. We introduce now the repres- 
entation spaces CX, y = [nj, nj; d]. The elements of C* , which we shall call (abusing 
the notion) functions, are polynomials in z, Z of degrees n,, n5, respectively, and formal 
power series in the g-Minkowski variables. (In the general U,(sl(n)) situation the sig- 
natures n,, n; are complex numbers and the functions are formal power series in z, Z 
too, cf. (5.38b).) Namely, these functions are given by: 

Q5, n, (Y) m Y Hikemn? iikern , (733) 


ij,k,6mnez., 
isn, nsn 


where Y denotes the set of the six coordinates on DY. Thus the analogues of Fr, Ja. cf. 
(7.13), are: 


7 s B $524) J an B Pnnv2Y) , dn B nrnna). (7.34) 


Using the above we now present explicitly a q version of the Maxwell hierarchy of 
equations. We recall that the explicit form of the operators I, in (7.16) is obtained by 
the infinitesimal right action of the three simple root generators of sl(4) on the coset 
Y (cf. (5.150)). Adapting this to our notation we have for the q-analogues of I, (cf. 
(6.276)): 


qh = ZL T, T, (T_T) (7.35a) 


"I (ait, 2T? +Q_T_+ 


HLM,2,T T, T, + q'Mz9, - 
-AM,M; 9 9,1, riz (735b) 
qb = Dez. (7.350) 


With this we have now the q-Maxwell hierarchy of equations - it remains just to sub- 
stitute the operators of (7.35) in (7.17). In fact, we can also rewrite these in the q-analog 
of (713). We have: 
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dui (l D, + M; Ð, (T_ TT) [n+2-N,],- 


EI (2- T «qi, - 
-A M, M, 2. 2, T; 2.) T1 qug gy (736a) 
dil (2; *a it 2, T, T. T! - 


-i g"(2. +q M, 9,1.) D- T_T}. (736b) 


Clearly, for q = 1 the operators in (735) and (7.36) coincide with (715) and (716), 
respectively. 
With this the final result for the q-Maxwell hierarchy of equations is (cf. (7.34)): 


aluo n: ahis (737a) 
slug = dn (7.37b) 


Remark 7.3. Note that our free q-Maxwell equations, obtained from (7.37) for n = 0, 
and glo = 9, are different from the free q-Maxwell equations of [472, 508]. The advant- 
ages of our equations are (1) they have simple indexless form; (2) we have a whole 
hierarchy of equations; (3) we have the full equations, and not only their free coun- 
terparts; (4) our equations are q-conformal invariant, not only q-Lorentz [472], or 
q-Poincaré [508], invariant. Q 


Formulae (7.13), (7.11), and (7.12) are part of a much more general classification scheme 
(mentioned above, cf. [194, 198]) involving also other intertwining operators, and of 
arbitrary order. A subset of this scheme are two infinite two-parameter families of rep- 
resentations which are intertwined by the same operators (7.14) (cf. [213]). The latter 
set was called generalized q-Maxwell hierarchy, the q-Maxwell hierarchy being just a 
one-parameter subhierarchy. Explicitly, instead of (7.11), (7.12) we have: 


n n, ni n ny wn 
Tren ° Tj; up Ti us j Iin (7.38a) 
I npa = Che n; 

Ij n; 3 Ting = Tru; E Ihn; (738b) 


a 
toni + yt 
where T. x - Tb ce, if = Cire a=+, or a = 0+, and 
TM 1? 2 
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nm-n 
Xen = ni m; + +1] (7.39) 
nn 2 
ni -n 
Xn ni = [nj -1,n} +1; + +2], ni € N, n} eZ, 
= _ _nm-n, 
Xn = n; ++ +1] (739b) 
un 2 
T n,-n, » = 
ee E [n + 1, n 1; 2 1 + 2], ni € Za n, € IN, 


while instead of (7.13) in the q = 1 case and (737) in the q-deformed case, we have: 


al; Fi; n iG Z)= Ts, "c Z), (7.40a) 
Ij: n; Fn; m m Z) = Inn ; (2,2), (740b) 


where ali " aln "EG given by (7.36) (or (714) for q = 1), while Fre, nit Zs Zz), J*. .(z, Z) are 


ny ny 
polynomials i in z, Z of degrees (nj, n>), (nj * 1, nj +1), respectively. 
The crucial feature which unifies these representations is the form of the operators 
+ which is not generalized anymore in equations (7.40). 
We call the hierarchy of equations (740) the generalized q-Maxwell hierarchy. 
The q-Maxwell hierarchy is obtained in the partial case when Xn; s mr = X) which 


qlr» 


fixes three of the four parameters: nj -2- n} =n, = n} -2- n. 
Another one-parameter subhierarchy of the generalized q-Maxwell hierarchy 
involves the two signatures of y; = [n + 2, n; 2], X} = [n,n + 2; 2], and in addition 


X = [n+ 1,n+1;1] = {n+2,-1-n,n+ 2), n E Z, (7.41) 
The intertwining relations are: 


La: CG, aoe 0 =T oa, (7.42a) 
PG 6. ed eT ele (742b) 


where T? = TO, co = Ctr’: Thus, instead of (713) in the q = 1case and (737) in the 
q-deformed case, we have: 


Hane Pas (743a) 
aln igAn = Fas (743b) 


where,I; are given by (7.36) (or (714) for q = 1), ¿An has the signature y? 
This hierarchy will be called the potential g-Maxwell hierarchy. The reason is 
that the lowest member obtained for n = Oand q = 1is just: 


OA) = Foy. (744) 
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Of course, as in the classical case these equations have auxiliary character w.r.t. (7.1). 
One of the reasons for their introduction is to make transparent the gauge invariance 
of the Maxwell equations. We recall that substituting (7.44) in (7.1b) gives an identity, 
while from (71a) one gets: 


o 
nA, - 0,9" A, = Jy (745a) 
nz 9^9, (745b) 


Thus the eight equations (71) are reduced to the four equations (745). The lost 
equations are actually traded for gauge symmetry: 


Ay > A, = Aj + 0, (7.46) 


since the last substitution leave F,,, and (7.45) unchanged. One uses (7.46) to simplify 
(745) by setting: 


07A, = 0 (7.47) 


This is called the Lorentz gauge condition, and it is equivalent to find suitable $. 
Indeed, if 0"A, + 0, take $ so that nj = —0°A,; then it follows that dA! = 0. Thus, 
one may assume that (7.47) holds, and then from (7.45) follows: 


DA, =Jy (7.48) 
Further we note a special gauge symmetry now also of (7.47): 


Ay A, = Ay + 0, o 
D$, = 0 (7.49) 


This may be used to get rid of one component of A,,, if the same component of J, is 
zero; for example, if Jy = 0, take Ø so that 099 = —Ao, Ap = 0. Thus in this case we 
have: 


OA, =Jp, k=1,2,3, Ao =Jo = 0 (7.50a) 
OA, T 0. (7.50b) 


The last condition (7.50)b is called Coulomb gauge condition. This gauge also used 
when Ao = 0. 

Let us see how these things are related to representation theory. The fact that using 
(744) Maxwell equations reduces to four equations is expressed group-theoretically 
for the whole hierarchy by the fact that the two possible composition maps intertwin- 
ing the “potential” representations x2? and “current” representations X? (via x} or x) 
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coincide; that is, 


dn ° dn = dn © daa Pn (751a) 
dn iG o. a ly = un e une (Z51b) 


and the equation is: 


gun gAn * da 2 dlh- gAn zz gs "a = 
=dn ^ dln-1 gAn = ed n= 
= gh: (752) 


Further, as an example we consider the Maxwell case; that is, n = 0, setting also By Sy 
Op, A = JA. After a short calculation we find first for q = 1: 


H#A=o0A-L(0-A)=J (753a) 
(0-4) = (0 A, +0,A_ - ðA; - 0;A,) = 0" A, (253b) 


Thus, also in this language the suitable gauge condition is the Lorentz one (747), while 
for the elimination of one further degree of freedom here it is more convenient to set 
A, = 00r A. - O. This is called a light-front gauge condition. 

In the q-deformed case we have instead of (7.53): 


A, A = 0,4-5 (0-A); = (7.54a) 
a, = (AF -q9_9,T, a T, T, T, T_ (254b) 
canes T, T, 4, * 02, T, T, A. - 


SG 2, T_T, TA 2, TIT, T, A, + 
+qÀ M, 2. 2, T! T; T, T, A, ) (7.54c) 


Further we consider the free equations, that is, J = 0, in the q-Lorentz gauge: 


n,A=0, (7.55a) 
(9-4), - 0. (255b) 


Since the first equation is valid component-wise, we can use its A, component to 
simplify the gauge condition. Thus, finally we have: 


OA = (2, 9-49. 2, T, S) T mr, T.A-0 


2(0 - 2 TT,A,«q9. T; T, AL= 


q 9. 
q 2,T T,T, A,S- T. T, T, A, = O. (7.56) 
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7.4 q-d'Alembert Equations Hierarchy 


Here we consider another one-parameter subhierarchy of the generalized q-Maxwell 
hierarchy which is obtained from (739) for n; = n; =r € N, n; = nj = 0; thatis, 


Xf = [r,0; 5 +1], 


yo = [r-1,1; : +2], reN (7.57a) 


xt = (0,7; : +1], 


; um -[Lr-1; ; +2], reN, (757b) 
where the two conjugated equations follow from (7.40): 


JI ES equ (758a) 
A EE e. (258b) 


where ali is given by (7.36). 

For the minimal possible value of the parameter r = 1, we obtain the two conjugate 
q-Weyl equations. 

The case r - 2 gives the q-Maxwell equations (note that pe - JEJ: This is the only 
intersection of the present hierarchy with the q-Maxwell hierarchy. 

We call this hierarchy q-d'Alembert hierarchy following the classical case (cf. [215] 
and Volume 1), due to the following. We consider the representations xi for the 
excluded above value r = 0, when they coincide. Thus, we set: Y^ = xË = [0, 0; 1], 
riz Fat . Furthermore, the relevant equation is the q-d'Alembert equation [215]: 


gF’ =J’? (7.59) 


where the signature of J? is xe = [0, 0; 3], and a, is as in (7.56). 
Finally, we recall [215] that the solutions of the free equations (7.58) satisfy also 
the q-d'Alembert equation. 


7.4.1 Solutions of the g-d'Alembert Equation 


Here and in the next Subsection we follow [226] to find solutions of the q-d'Alembert 
equation (7.59) with trivial RHS: 


oF - 0. (7.60) 


We recall that the elements of our representation spaces are formal power series in 
the variables x,, v, V, z, Z of the coset 4. But here there is no dependence on the spin 
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variables z, z and our solutions will be power series in the g-Minkowski variables 
X45V,V: 


p= Y Hjnem Pinem> Qintm =v x" x v". (7.61) 
jn,e&mez, 
We substitute the above in n, 9 = 0 to obtain: 
Og Q = > HjnemUg Qintm - 0, (762a) 
j.n,€,meZy, 
Og Pinem = ge np Qj.n-1,e-1,m = 
_qhtiern HALIA Qj-1,n,e,m-1" (7.62b) 
We first show two polynomial solutions (witha, b, c, d € Z,): 
A Y n(c+d+n) (a) Cb) n+d „a-n „b-n -c«n (7.63) 
5 ——————À—ÀÁ Xy 3 A 
P oar 4 (c 02 (d «2 MDC: 
where(a)] = Ila +n) VAC) is the g-Pochhammer symbol, 
Na,b q q 
^ n(c+n) (-a)f (by. n „a-n „b-n -c«n 
= — — y y 7.64 
Pane 7 2 (c+! Inj, ~~ (esa 


where n, p = min(a, b). 


7.4.2 q-Plane-Wave Solutions 


Next we look for solutions of the q-d’Alembert equation in terms of a q-deformation of 
the classical plane wave exp (k - x), where 


(k- x) = K*x, = i x, +k,x_-k,v-k,v), (7.65) 


and (k,, k_,k,, k;) are related to the components k, of the four-momentum as the vari- 
ables (v, x. , x,, v) are related to x,. Clearly, the natural q-deformation of the plane 
wave is: 


co 


(exp(k 50), = > gri Axe?) (7.66) 
s=0 q* 


where f, is a homogeneous polynomial of degrees in both sets of variables 
(kk ,k,,k,)) and (v, x ,x,,v), such that (f)lg-i = (k - X. Thus, we set fy -1. 
One may expect that f; for s»1 would be equal or at least proportional 
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to (fj^, but it turns out that this is not the case. In order to proceed systematically, we 

have to impose the conditions of q-Lorentz covariance and the q-d’ Alembert equation. 
The complexification of the q-Lorentz subalgebra of the q-conformal algebra is 

generated by k?, Xi, j= 1,3. Using (6.263a,c) and (6.264a,c) it is easy to check that: 


XAA =o => AG) =o 7 = 4,3. (7.67) 


Since (k - x)? is a scalar as (A, then also the q-deformations f, should be scalars, 
and thus also should obey (7.67). In order to implement this we suppose that the 
momentum components are also noncommutative obeying the same rules (7.19) as 
the q-Minkowski coordinates, and that they commute with the coordinates. Also the 
ordering of the momentum basis will be the same for the coordinates. Taking all this 
into account we can see that a natural expression for f, is: 


Cit 
bn L(a-nen)ro-ne) [n]! d 


je Y Ba, 


a,b,n €Z, 
jeer kb kn kn yn xen gt pad 
x ; (7.68) 
[y(s-a-b+n+1) 


where we have introduced some factors that are obvious from the correspondence 
with the case q = 1. (The expression in (768) does not involve terms that would 
vanish for q = 1. Actually, we shall see that such expressions would lead to nonco- 
variant momenta light cone.) In order to implement q-Lorentz covariance we impose 
the conditions: 


n(Xj)f, = 0, j = 1,3. (7.69) 


For this calculation we suppose that the q-Lorentz action on the noncommutative 
momenta is given by (6.79a,c), (6.263a,c), and (6.264a,c). We also have to use the 
twisted derivation rule which here is: 


AXP- P = nQG) y - alk) V + n() y - OX) v, (270) 


_ yps-a-b«n b-n a-n n 1 _ n „a-n „b-n -s-a-b+n 
pak ko k kp sv x x, v , 


The four conditions (7.69) bring eight relations between the coefficientsf ; however, 
only three are independent, namely, the relations: 


Bion E g^ em Bod (771a) 
Bis - g TE uw (771b) 


—2a-2b-— 
Bos = go 2a-2 od E (7710) 
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solving which we find the following solution: 


BS bn = a + a(s-a-1) + b(-s+a+b+1) Beas (772) 


that is, for each s > 1 only one constant remains to be fixed. 
Next we impose the q-d’Alembert equation on f;: 


n, f, = 0, (273) 


which holds trivially for s = 0, 1. For s > 2 we substitute (7.68) to obtain (for details see 
[226]): 


D, fs = (qkk, d k, ky) x 
G 1y^ a- P Bi pna 2s+2n-a-b 


^ Tala - n) (b - n) '(s- a ben«Dn ^ 


a,b,n €Z, 


s-a-b«n jb-n-1 ,a-n-1 ,n 
xk K k, ky @n,a-n-1,b-n-1,5-a-b+n = 


= (kk, - gk, ky) 5-000 “Poooe (774) 


0,0,0 


If (7.73) holds then for every s » 2 we obtain (as for q=1) the condition that the 
momentum operators are on the q-Lorentz covariant q-light cone (cf. (7.21)): 


£r = kk, - q” kyky = 0. (275) 
Now it remains only to fix the coefficient ff 9,9. We note that for q=1 it holds: 
(kx) o x 7 (co) = s (776) 
and thus we shall impose the conditions: 
Plk > x = C (7.77) 


Next we note that: 
E 
S em - -n- 
CAN t Y (1) C) q' s-1) yn x* n xi n v. (778) 
n=0 q 


A tedious calculation shows that: 


s qE PE- 1)+p 


(fk sx = Pong, Dip AI [s - lp], ls - plq! P 


(7.79) 
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and comparing (779) with (777) we finally obtain: 


E ge Pe- 1)+p 


(Eoo) n ds 


££ Ipla! Is - pl! od 


Note that ( Ex lq-1 = 2°/s!, as expected. 

Finally, we note that our f, for s > 1 is not equal, and not even proportional, to 
(fj. Actually, imposing the q-d'Alembert equation on (fj)? will bring a s-dependent 
relation between the momenta, which is not q-Lorentz covariant. For instance, for s - 
2 imposing: O, (AH = 0 results in the following condition on the momenta: [2] ga Kk = 
(3 - q?) k, k; instead of (7.75) (cf. more details in [226]). 

Thus, though our q-plane wave has some properties analogous to the classical 
one, it is not an exponent or q-exponent. Thus, it differs conceptually from the 
classical plane wave and may serve as a regularization of the latter. 


7.4.3 q-Plane-Wave Solutions for Non-Zero Spin 


Here we follow [239] looking for solutions of the free equations (7.58). 
ql 9 = 0, (781a) 
IQ = 0. (7.81b) 


We start with (7.81b). As we know from [215] since it depends only on one spin-variable 
Z that equation becomes a couple of equations: 


(Ir - N,2,7,7, - 9 2, 2,7 ) T_T, = (782a) 
(Ir - N42; - 4! 2 2,T;T.) T; 9 = 0. (7.82b) 


The spin dependence is encoded in the spin variable z in which the solutions depend 
polynomially of degree r € IN. As it was shown in [215], if a function satisfies (7.82) 
then it satisfies also the q-d'Alambert equation (7.60). Thus, it is justified to look for 
solutions in terms of q-deformation of the plane wave: 


em = Y Lo, (7.83) 


(ay? gs hr + a(s-a-1) + b(-sca*b«1) qe» 
Tj(a-n* 1T, -n«1T;(s-a-b-«n«1)[n];! 


= e 3 


a,b,neZ, 


x jp abn o-n gamn ynya- Ps nys- a-b«n , (7.84) 


ge PP- 1)+p 


[s - pla! ° 
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This deformation of the plane wave generalizes the one from the previous subsection. 
To obtain the latter one has to replace P,(a, b) by 0. Each h, satisfies the q-d’ Alembert 
equation (7.60) on the momentum q-cone (7.75). 

We look for the solutions of (7.82) in a form analogous to (7.83): 


20v 1, 
9 = 2 CREAR (7.85) 


The solutions are constructed component-wise; that is, we solve (7.82) separately for 
each @, and we find that 


r -m ; 
Ps = x Pm ( II K-a 42) x 
m=0 


i=-r+1 


0 
x ( INC -aa h,, (7.86a) 
j=-m+1 
P,(a, b) = A,a + P,(b), (7.86b) 


where yt are r + 1 independent constants, A, is an arbitrary constant, and P,(b) is an 


arbitrary polynomial in b. 
In order to be able to write the general solution of the system (7.82) in terms of the 


deformed plane wave we have to suppose that the 57? and A, for different s coincide: 


ars ar 


Pm = Pm» As = A. Then we have: 


0 
x ( I] da) EXPg(k- x). (287) 


j=-m+1 
We pass now to equation (7.81a). As in the first case it produces a couple of equations: 


([r-N,],D, - d D;D. T ) T,@ = 0, (788a) 
(Ir - 4D, T;! - q'D,D,T_T,) T. 9 = 0. (788b) 


As found in [247] for these equations we need to use a basis conjugate to the basis in 
(7.61); that is, 


Q = $3 Hjnem Pinem ; (789) 


jn£mez, 


P Qm ££ nj ^. 
Pinem = V. X, xv = Oinem)- 
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We also recall that here the q-d'Alembert equation is slightly different [239]: 


(2.2,-q9,2, T, T) T T, $ = 0 (790) 


though it coincides with (7.56) when q - 1. 
Analogously to the first case we use the expansion 


5 ve 1. 
9-9» (7.91) 


and we solve it again component-wise. Here we shall use another deformation of the 
plane wave: 


h,, (792) 


- s (1-2 qua) + a(a-s-1) + b(s—a—b+1) qQ: c» 
h = p x 
ny [la -n+1)Tb—n+1)T,6-a=b+n+1) [n]! 
x es oll lms aaah dalek: «i eas : (793) 


"—— 
RA EE 


where Q,(a, b) are arbitrary polynomials. The h, has the same properties as the h,, 
but the conjugated basis is used; in particular, they satisfy the q-d'Alembert equation 
(790) on the momentum q-cone (775). The solutions of (7.88) are polynomials of degree 
r in the spin variable z. Explicitly they are given by: 


r —m+1 g 
8$; =} i ( Il « -d*a ) x 
m=0 i=-r+2 
1 : E 
x ( I] & #2) h,, (794a) 
j--m«2 
Q,(a, b) = Q,(a) + B,b, (794b) 


where j7 are r+ 1 independent constants, Q,(a) is an arbitrary polynomial in a, and B; 
is an arbitrary constant. In order to be able to write the general solution of the system 
(7.88) in terms of the deformed plane wave, we have to suppose that the 77 and A, for 


different s coincide: fp = ŷm and B, = B. Then we have: 
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r -m+1 . 
$-»9 ( I] K - do) x 


m=0 i=-r+2 


1 
x ( I] «&- dE) EXP, (kx). (7.95) 
j= 


-m«2 
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Here we use results of [240]. We mentioned that the q-d'Alembert hierarchy for r = 2 
intersects with the q-Maxwell hierarchy for n = 0. Thus, we shall identify @, @ atr = 2 
from the previous subsection with ¿Fo 


Q,27 4o. — Pra = Fo (7.96) 
Accordingly, we would like to use the solutions for @, @ in equations (7.43): 


gla gAo = qFo = Pr-2> (797a) 
gia gAo = 4Fo = $5. (797b) 


We start with solving (7.97a) for uis with ¿Fo = $ given by (7.87). We write: 


God : 
qA? =22A,+2A,+2A,+A_ = Y ER AS hgn (7.98) 
S=0 q 
Gel aurae. s 
A, = A,(k,x) = Y mAh, x-átvv. (799) 
& Islq! 


Substituting, we take into account that the action of ,J*, converts h,,, into h;, but this 
requires P,,,(a, b) = P; (a, b) = P (a, b) = Ca + Q(b) = Ca + Bb (in the last step we use 
the fact that Q(b) has to be linear in b and any constant term would be absorbed in the 
constant 7). Then comparing the coefficients of 1, Z, Z we obtain, respectively: 


(q^ 4* (0k, +q PAK.) h; = 

= -2d b Ki + Pi kk + Po KR. 
(q BAS (k. - g 9€ ASk, - ge? AS (OK, + q! AS(IDk,) hy = 

= 2d, laa ^o kyk, + Ft kyky + 35 k-ko) h; 
(q* ATO. + ALK) hy = 
2d, q 7 (9 kK + PE kk. +78 KDA; (7.100) 
d, = Pp. 

Note, however, that only two of these three equations are independent when they are 


compatible (see below). Furthermore, we see that A*(k) should be linear in k and in 
fact should be given as follows: 
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Ai = Aik +vik_,  A0-Xkh-4vk, (7101) 
A) = Mk wk. A9 = Ak -wk, 


where for the constants we have: 


AS = -2d p, 6--dq?^", (7102) 
vs = Vg ey S — 2d ee aS- 

A ES = 2d,q- CA À A V du oe PEE. ! 

vs = rey 5 2d es en T 

C--B, 


where the last condition arises from compatibility between the equations (7.100). 

Now we substitute this result for ,A? in (797b). It turns out that we obtain a result 
compatible with the general solution above only when B = C = 0. Thus, in fact ,A? is 
given in terms of the original components f,,, (cf. (7.84)). Furthermore, the action of 
gl converts f, into hj, with P} (a, b) = —2b, B, = 2+ s. The result is: 


= ( Pos T IgA - (7103) 


q” Si ty) 


(k, - g^" zk Mk, - d'?zk ) hl, 


which is a special case of the general solution (7.94), with j2^ = 75° = 0,525 = 


-q* (vi + v5)/2d,. Thus, the resulting Fo is not given in (iis of the q-plane wave 
(only componentwise). 

Let us now repeat the calculations in the other order, namely, we solve (797b) for 
gA° with ¿Fo given by (794), but since we want this to be compatible with what we 
obtained above we take: P?(a, b) = -2b. We use again the decomposition (798) but 
with f,,, instead of h,,,. Substituting and comparing the coefficients of 1, z, z^, we 
obtain, respectively: 


(MAS (Dk, + FARK) h; = 
= 24,95 9 kk, + SRA, 
(q^ A5 (k_ + GAS (IDk, - GAS (Ok, - q AS (ky) h; = 
= -2d [2]; (5 kyk- + 95 kk; + ok, ky) hg , 
(q ^45 09k, + q ^ATQ9K ) h; = 
= 2d, (95 KO + 9 k k; + $5" k2) hj. (7104) 


Now instead of (7.101) we have: 


AS) = Wk t+vik_,  AS(K) = pk, +V°k,, (7.105) 
AS(k) i nk. * vk , As(Kk) = uk. + vi, 
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where from the constants j^, V? only six can be determined (due to the gauge freedom). 
Making some choice we find: 


W =-2d.g° "yo, 1$ = -2d,q* p, 


vi 2-9 -2da ° (7106) 
Hy = 2d $$. My = 2da 75", 
vi =v 2d jy". (7107) 


Now we can substitute this result for ,4? in (797a). The action of gl s converts f,,, into 
f;, and we obtain for the components: 


812) 


Hs (via? Hie q (k, - q kk, - k 2f. (7108) 
S 
which is consistent with the solution (7.86), with 75° = 5° = 0, 77° = -(iq?^ + 


v? q5**)/2d, . Thus, the resulting qFo is not given in pem of the q-plane wave (only 
componentwise). 
Finally, we impose that we use the same qA° for ¿Fo = $,.; and ¿Fo = @,-2. Then 
instead of (7.101) and (7.105) we have: 


ANK)-vik, A (0-2vk, Aŝ) = vik, Ak = vk, (7109) 


where from the four constants in (7109) only three can be determined since their sum 
is zero: 


Ver evi. =0 (7110) 
and using (7.102) and (7106) we have: 


v= egy 2d, 4 , ve = =v -2d qg, 


v 


Vi = gt 2d Gr + Hf). (111) 


The disappearance of the constants A°, p° is consistent with j5* = 55^ = 0. Substituting 


(7106) in (7103) and (7108) we obtain, respectively: 


FE = pS qh (k, - dz - q?zk )h, (7112) 


FL = $64 (k, -qki -k2f. (7.113) 
We stress that for each s there are only three independent constants: H5 s V5, the latter 
entering only the expressions for the q-potentials (7.109) and being a manifestation of 
the gauge freedom. We can eliminate the A_ components by setting v? = 0 and/or the 
A, components by setting §* = -pF — q***v° /2d,. 
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Finally we note that we can write ¿Fg in terms of exp,(k, x) but not ¿F because of 
the s dependence in the prefactors. If we use the basis (7.89) the roles of Fg and ¿Fò 
would be exchanged. 

If we want ¿Fo on an equal footing then one should consider ¿Fg on the basis 
(7.61) and aFo on the basis (7.89). However, then one should use two different 
q-potentials and furthermore should ensure that the two are not mixing because of 
the equations (740); that is, the q-potential obtained from solving from one of the 
equations (740) should give zero contribution after substitution in the other. This is 
easy to ensure through the gauge-freedom constants in the q-potentials, for example, 
setting v; + V? = 0 we obtain that F7 = 0 in (7103). Thus, the fields ¿Fù and ¿F3 may 
be seen as living on different copies of g-Minkowski space-time, similarly to the two 
four-dimensional sheets in the Connes-Lott model [153]. 


7.6 q-Plane-Wave Solutions of the Full g-Maxwell Equations 


Here we use results from [237, 238]. First we shall use the basis (761). The general 
solutions of (737) for n = 0 in the homogeneous case (J = 0) are: 


F 3 (55). B 2: "- ET o f, , (7114) 


m ,m-i . e 
Fr) = Y ( Y. BI IG (k, = a zs - Pc) + 
j=0 


i=0 
+ pr? Kae (k, — g* 5zk Y(k, - qf? zk,) + (7115) 


m-i 


+ Y. BPP TUE - gah Mk, - 2) ), 


j=0 
ph- C/S zmsl ,i,m-i-j,j -1, = 
Fra) = Y ( Y, EKIN s - gk Ys 2K.) + 
i-0 ` j=0 
eR OM (k, - q I zk)( - Zk) + (7116) 


m-i . IX ES 
Y S did (k, — qz Y, - Zk) ) ! 
j- 


where pi^, fig are independent constants. The check that these are solutions is done 


as in the previous sections. Actually, the solution for @,_, given in (7.86) is obtained 
here for m = O. As for (786) going to (7.87) the solution (7117) can be written in 


terms of the deformed plane wave if we suppose that the FG for different s coincide: 


Pod - Pi . Then we have: 
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E Y F,, () exp,(k, x) , Eq =F. (7117) 


Also as before the solution (7115) cannot be written in terms of the same deformed 
plane wave. 
In the inhomogeneous case the solutions of (7.37) for n = O are: 


J = zz, +z, ++], (7118) 

h-Yy ci Rte K=4,V,7, (7119) 
m,S=0 [s]q! 

PWO = -R (Ok, (7120) 


J^(K) = -qR 9k, , 
Jj. 09 = Rk, 
5 09 = (PR Ok, 


aS 
KO = ER e grt e at I 


at aht 
QJ -FF., (7121) 
at = 1 at 
P- } ipi Pm 0. (7122) 
m,s=0 q 


F (k) = 2d q *((q Ek" + ZPK”) (k, - qPPzk ) + 
+ (5 Pky e zie. - q°°zk;)) , 

FU) = 2d,q P" (G^K" + q?295 KY - Zk) + 

+ GET + q ^2): KTV(k, - 2k,)) , 


where d, = f5/B5*!. As in the homogeneous case we can make F IN independent of s 
by choosing $2 ~ q” d;! , but we cannot make Ê MUS Or i. (k) independent of s. 
Since we work with the full Maxwell equations, we have also to check the 
q-deformation of the current conservation “J, = 0: 
13/70, (7123) 
l3 = d IN, - 1], T, d; d, T, T. T, * qd, T, d;d T, T, + 
+q IN, - 11, T, IN; - 1], d, T, T, + 
+q  [N; - 11; d; T; d; T, T! T, - 
-A M, [N; - 1] d; T, d. d, T, TT T, Ty. (7.124) 
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Substituting (7.118 and 7.119) in the above we get: 
qhWk, + JE) +r Rk + q P (Kk. = 0. (7125) 


The latter is fulfilled by the explicit expressions in (7120), but we should note that 
these expressions fulfil also the following splittings of (7.125): 


qJ;()k,*J (gk, 20, qR k «P (9k =0, (7126) 
Ek -q"EG)K-0, Bk +O" E(k =0. 


Furthermore the expressions from (7.120) fulfil also: 


aR k +k =0, qK k, +J (9k, =0, (7.127) 
Ok +g Rk =0, KEO k, +g lk =0. 


Now we shall use the basis (7.89). Then solutions of (7.37) for n = 0 in the homogeneous 
case (J = 0) are: 


F = (aFo),-0 = $3 NI F4) h, , (7.128) 


m ,m-i 3 "P 
Frat) = Y ( Y, BI" KIC", (k, - zk Us - ek) + 
j=0 


i-0 
+ pm? ik? (k, — zk;)(k, - gzk ) + (7129) 
m-i S NAE 
+ Y. Bo hed (k, — zik, — qzk;) | 
j-0 
-h- m , m-i : Med 
F (kK) = *( tr Mt EPI c, — g*"zkc (s - q*?zk ) + 
í-0 ` j-0 
rip p Ct qua) gk) (7130) 
m-i 1 TU 
+ Y ul? Kg (k, - q*'zk)(k, - q'"zk,) ) 
j-0 


where bi tr i are independent constants, Q,(a, b) = 0 inh, . (The solution for $,..; 


given in (794) is obtained here for m = 0.) The solution (7.129) can be written in terms 
of the deformed plane wave if we suppose that the pi)" for different s coincide: pi^ = 
Dij) - Then we have: 
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Pe AC exp, (kx), Fe (= PA. (7131) 


J? = zJ, +z], uH. (7.132) 
I, = DN E Jh. k-5vwv, (7133) 
JEO = -a KK. , (7134) 
TPO = -q  K,9k, , 
Tr) = Kk, 


A09 = d.k, 


KL) = GET e gm eR eg, 

Far eR. (7135) 

~t E 1 + P 

F-Yy iri fms) Nes (7.136) 
m,s=0 q 


FLU) = deg? (GEK + q Ij KT, - gk.) + 
+ GU eq ze). - azk)), 
FU). = 2d,((a 5 ^K" + Gz pK s, - q^ zk ) + 


+ (q^ 8T + qzy kk, - q'"zk,)), 


where d, - bp, Q,(a,b) = 0 in h;. We can make FL) independent of s by 
choosing 7 ~ q`% d; , but we cannot make F; (K) or J” (I) independent of s. 

Also here we shall check whether the q-deformation of the current conservation 
(7.123) is fulfilled. The analog of (7.124) in the basis (7.89) is: 


I5 = [N, - 1, 2; T; 2, T, T, T +q Dz T; 2, 2. T, T, + 
+q [Nz - 1], Tz [N; - 1], Z, T, T, + 
+g [Nz - 1], 2, T; 2, T, T. T, - 
-Aq M, [Nz - 1], 2, T; 2. 2, T. T,. (7137) 
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Then the analog of (7.125) is: 
RO) k, * d GO k, +J ks +P P (Ok. =0. (7138) 


The latter is fulfilled by the explicit expressions in (7134), but we should note that 
these expressions fulfil also the following splittings of (7.138): 


Jk, +E i Wk -0, Kik +g (Wk =0, 
Rik. -A9k, 20, idk, +k =0. (7139) 


Furthermore the expressions from (7.134) fulfil also: 


Jk, -q'Aü)k -0, Fk, +P Rk -0, 
RO)k--ASU)k 20, Kk, * P (9k, =0. (7140) 


Summarizing, we have given solutions of the full g-Maxwell equations in two conjug- 
ated bases (7.61) and (7.89). The solutions of the homogeneous equations are also more 
general than the solutions for @ and @ for general r. As before we see that the roles of 
the solutions F* and F^ are exchanged in the two conjugated bases. We note also that 
the current components are different: dg # io (for q + 1, x + v), and in both cases 
they cannot be made independent of s. Thus, there is no advantage of choosing either 
of the bases (7.61) or (7.89). It may be also possible to use both in a Connes-Lott type 
model [153]. 


7.7 q-Weyl Gravity Equations Hierarchy 


In this section we follow [229, 238]. Here we study another hierarchy which is given as 
follows: 


cr e (7141) 


where m € N, and the corresponding signatures are: 


Xn = 2m,0;2], x, = [0,2m; 2], (7142) 


3n = [n, m; 2 - m], x = [m, m; 24 m]. 
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For future reference we also give the Dynkin labels x = {m,, mz, m3} of these represent- 
ations: 


Xm ={2m+1,-m-1,1}, Xp, = {1,-m-1,2m+ 1}, (7143) 


xb - (m^ 1, -1, m « 1), XL = (m1, -2m - 1,m 1]. 


The arrows on (7141) represent invariant differential operators of order m. It is a partial 
case of the general conformal scheme parametrized by three natural numbers p, v, n 
(cf. formula (6.170) and figure (6.171) of Volume 1), setting here: v = 1, p = n = m. This 
hierarchy intersects with the Maxwell hierarchy for the lowest value m - 1. Here we 
consider the linear Weyl gravity which is obtained for m - 2. 


7.7.1 Linear Conformal Gravity 


We start with the q = 1 situation, and we first write the linear conformal gravity equa- 
tions, or Weyl gravity equations in our indexless formulation, trading the indices for 
two conjugate variables z, Z. 

Weyl gravity is governed by the Weyl tensor C,,,,,, which is given in terms of the 


Riemann curvature tensor Ryor» Ricci curvature tensor R,, , scalar curvature R: 


Cvor = R wor ~ +(SoRvr 2 Sy Ryo E Syc Ryo s Syg Ry) + E (SyoSvr uS Sy c8yo)R , (7144) 


where g, is the metric tensor. Linear conformal gravity is obtained when the metric 
tensor is written as: gj, = Nyy + Nyy, where rj, is the flat Minkowski metric, h, are 
small so that all quadratic and higher-order terms are neglected. In particular: Ryor = 
CH + 0,0ghyr - 0,0, hy, — 00h). The equations of linear conformal gravity are: 

d? Cvor = To , (7145) 
where T,,, is the energy-momentum tensor. From the symmetry properties of the Weyl 
tensor it follows that it has ten independent components. These may be chosen as 
follows (introducing notation for future use): 


Co = C123 , C, = C55 , C; E Coo» , C3 e C3012 , 


C, = C021 , C; = Cii? , Ce z C4923 , 
C7 = C332, Cg-7Cy3, Cy = Cin- (7146) 


Furthermore, the Weyl tensor transforms as the direct sum of two conjugate Lorentz 
irreps, which we shall denote as C* (cf. (7.142) for m = 2). The tensors Ty and hy, are 
symmetric and traceless with nine independent components. 

Further, we shall use again the fact that a Lorentz irrep (spin-tensor) with sig- 
nature (n,,n;) may be represented by a polynomial G(z,z) in z,z of order n, n, 
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respectively. More explicitly, for the Weyl gravity representations mentioned above 
we use: 


C'E) = ZG; «2C; «zi C; +207 GS, (7147) 
C 2) = ZZC, +203 + ZC; * ZC * CS, 
T(Z,2) = ZZ T), - Z'2T4 + z Tot 
422° To + zZTh + 2Tipt 
+2 Th + ZT) + LR (7.148) 
h(z,Z) = 22h} + 2Zh), + Zhyot 
*zZ hi, + 2Zhi, + zhio* 


1 


+27 hi + Zhi; + hoo (7.149) 


where the indices on the RHS are not Lorentz-covariance indices, they just indicate the 
powers of z, Z. The components C; are given in terms of the Weyl tensor components 
as follows: 


C, = C; - $C, - Cg + (Co + 1C, + Cj) 

Cf = 2(C, - Cg + (Cg — C3) 

C; = 3(C, - iC;) 

C; = 8(C, + Cg + (Cg + C3) 

C; = C; - 1C, + Ce + (Co + 16, - Cj) 

Co = Cy - $C, - Cg - (Cy + 165 + C7) 

Cy = XC, - Cg - i(Cy - C;)) 

C; = 3(C, + iC4) 

C5 = XC, + Cg - (Cs + Cs) 

C, = C; - $C, + Cg - (Co + 165 - C7). (7.150) 


while the components T; are given in terms of T,,, as follows: 


T» = Too + 2To3 + T3; 

Ti = Too - T33 

Too = Too - 2793 + T33 

T4 = Tg + iTo + Tg + iT 

T» = To -iTo + Ty3 - iT); 

Tio = To + iTo — Ti - iT, 

um = To — iTo - Ti + iT; 

To = Ty + 2iTy - Ty 

Too = Tj - 2iTp - Tx (7151) 


and similarly for hi in terms of h,,,. 
In these terms all linear conformal Weyl gravity equations (7.145) (cf. also (7.141)) 
may be written in compact form as the following pair of equations: 
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re@=Te,z) 1 @=Tez) (7.152) 
where the operators I* are given as follows: 


I" = (27a +202 +20 «o^ 
+22°20,0, + 222°0,0, + 2ZZ(0_ð, + 0,0;)+ 
4220.0, 220,0. Ja- 


-6( 229? + 20? + 2220,0, +20, ð+ 

+2(0_0, + 0,85) + d,d- E 

x20; cala 220,0, ) (7153) 
io (27 $20 « Z9] + 0+ 

+22°20,0, + 222°0,0, + 2z2(0_0, + 3,0,)+ 

4220_0, + 220,0. Jaz- 


-6(220} + 202 + 2220,0; + 2°0,0,+ 
+2(0_0, £00) + 0.3, de 
x20 +05 + 220, 


using the Minkowski conformal variables. We recall that in terms of these variables 
the d'Alembert equation is: 


Og =(0_0, - 0,0;)9 = O. (7154) 
To make more transparent the origin of (7152) and in the same time to derive the 


quantum group deformation of (7152) and (7153) we first introduce the following 
parameter-dependent operators: 


I (nin DE - An? DEL * nn + DRE), (7.155) 


IM (n(n DÉB - x? - DLÉL + n(n + DEE), 
where I, = 0,, I, = 2z0, + zð, + Zð, + 0 , and I, = 0; are from (716). We recall that 
group-theoretically the operators I, correspond to the three simple roots of the root 
system of sl(4), while the operators I7 correspond to the singular vectors for the two 
nonsimple nonhighest roots. More precisely, the operator I; is obtained from the si(4) 
formula for the singular vector given by (2.37) of weight m;a} = 2,5. Analogously, the 
operator I, is obtained from the same formula for weight m3a3 = 2053. The parameter 
n = maxQj,, 2j;). 
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It is easy to check that we have the following relation: 


FÉ 


Go (7.156) 
that is, (7.152) are written as: 
G C (2) =T,2) 4 C (Z) = 162. (7.157) 


This is the form that is immediately generalizable to the q-deformed case in next 
subsection. 

Using the same operators we can write down the pair of equations which give the 
Weyl tensor components in terms of the metric tensor: 


Lh(z-C(, Ghe, 2) -C'(. (7158) 


We stress again the advantage of the indexless formalism due to which two different 
pairs of equations — (7157) and (7158) — may be written using the same parameter- 
dependent operator expressions by just specializing the values of the parameter. 


7.7.2 q-Plane-Wave Solutions of q-Weyl Gravity 


We consider now the q-deformed setting supposing that q is not a nontrivial root of 
unity. 

Using the U,(sl(4)) formula for the singular vector given in (2.37), we obtain for the 
q-analogue of (7.15): 


dn = 1 [n], [n - 1], qali ub - [2], [n - 1], [n * 1], oh qb "nu 


«Inl; [n+ ty 42 ght) (7159) 
2 72 2 
gin = A Inl, In - 1], 46 45 — [2], [n - 1], [n + 1], gB 15 gist 
+i [n « 1] TM 


q4q02q»3 


where the q-deformed versions ¿I4 of (7.16) are given in (7.35). 
Then the q-Weyl gravity equations are (cf. (7.157)): 


daC(-TG,Z, gC @=TE,2, (7160) 
while q-analogues of (7.158) are: 


qbh(,z)-C(2, giz h(z,Z) = C2). (7161) 
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For the solutions we shall use the basis (7.61). The solutions of the first equation in 
(7160) in the homogeneous case (T = 0) are: 


Qu oman oe (7162) 


. 4 —m+3 . 
C = B «( (k, rentia x 


m=0 i-0 
x ( " (k, - gea h, (7.163) 
je-m+4 
where h; is h, with: 
P,(a, b) = P; (a, b) = R,(a) + B,b, (7164) 


$5. , B, are arbitrary constants and R,(a) is an arbitrary polynomial in a. In order to 


be able to write the above solution in terms of the deformed plane wave, we have to 


suppose that the 57; , B; + s for different s coincide: 57 = y, for example, we can 


make the choice B, = B’ - s - 4. Then we have: 


4 —m+3 ip! 
qo = in ( [k -«* 2) x 


m=0 i-0 


3 I 
x ( I] w-d” ka) exp, (k, x), (7.165) 


j=-m+4 


where exp, (k, x) is exp,(k, x) with the choice (7.164). 
The solutions of the second equation in (7.160) are: 
= 1 


alo = 25 isl CG (7166) 


4 -m+2 
G- 9 ( fT. - ena) x 


i--1 


2 
x {l 4.3) h; (7167) 


j--m*3 
where h; is h, with: 


P,(a, b) = P, (a, b) = D,a + Q,(b), (7168) 
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$$ , D, are arbitrary constants and Q,(b) is an arbitrary polynomial. In order to be able 


to write this solution in terms of the deformed plane wave, we have to suppose that the 


Pm » D, for different s coincide: f% = fp , Ds = D. Then we have: 


4 —m+2 . 
ao = 2. fn (fi -aKa x 
m=0 i=-1 


2 
x ( I] &-¢ 7k a) exp, (k, x), (7.169) 


j--m«3 


where exp, (k, x)is exp,(k, x) with the choice (7.168). 
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